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Abstract
In this paper, the almost sure global well-posedness of the cubic non linear wave equa-
tion on the sphere is studied when the initial datum is a random variable with values in low
regularity spaces. The domain is first the 3D sphere, thanks to the existence of a uniformly
bounded in Lp basis of L2(S 3) and then the result is extended to 3 thanks to the Penrose
transform.
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1 Introduction
The first aim of this paper is to extend the result by N. Burq and N. Tzvetkov [2] on the torus to
the sphere of dimension 3. In [2], N. Burq and N. Tzvetkov have proved the global well-posedness
of the cubic non linear equation when the initial datum is a randomization of some function in the
product of Sobolev spaces Hσ(3) × Hσ−1(3), σ ≥ 0 and 3 the torus of dimension 3.
The probabilistic estimates they use in order to prove their result are due to the fact that the Lp
norms of the canonical basis of L2(3) : (ein.x)n∈3 , are uniformly bounded, whether in n or in p.
Here, a result of N. Burq of G. Lebeau is required to go on in the case of the sphere, as a
basis of L2(S 3) has a priori no reason to be uniformly bounded in Lp. In [1], they proved that
there exists a basis of L2 uniformly bounded in Lp by Cp and formed by eigenfunctions of the
Laplace-Beltrami operator on the sphere. Here, the result of [2] is extended to the sphere, despite
the dependence of the bound of the norms of the basis on p.
Let us describe the above-mentioned randomization. Let (en,k)n,k be such a basis of L2(S 3),
that is, such that for all n, k
||en,k ||Lp ≤ Cp ,
and
− △S 3 en,k = n2en,k ,
let an,k and bn,k be two sequences of real-valued i.i.d. on a probability space (Ω,A, P) and with
large Gaussian deviation estimates, which results from the assumption that there exists c such that
for all γ, the following mean values satisfy :
E(eγan,k ), E(eγbn,k ) ≤ ecγ2 ,
and finally, let λn,k and µn,k be two sequences of complex numbers such that for some σ ≥ 0 :
∑
n,k
(1 + n2)σ|λn,k |2 < ∞ and
∑
n,k
(1 + n2)σ−1|µn,k|2 < ∞ .
Then the equation
(∂2T + 1 − △S 3)u + u3 = 0
with initial datum the randomization of ∑ λn,ken,k,∑µn,ken,k defined as
u|T=0 = u0 =
∑
n,k
λn,kan,ken,k , ∂T u|T=0 = u1 =
∑
n,k
µn,kbn,ken,k ,
is globally well-posed.
The measure µ induced by the couple (u0, u1) ∈ L2(Ω, Hσ × Hσ−1) where σ is given in the
assumptions on (λn)n, (µn)n is very similar to the one introduced by the randomization in [3].
To phrase it more precisely,
Theorem 1.1. There exists a set E of full µ-measure such that for all (v0, v1) ∈ E the Cauchy
problem
{ (∂2T + 1 − △S 3)u + u3 = 0
u|T=0 = v0 ∂T u|T=0 = v1
2
has a unique solution in U(T )(v0, v1)+C(, H1(S 3)) where U(T ) is the flow of the linear equation
∂2T + 1 − △S 3 = 0.
Note that the wave operator ∂2T − △S 3 has been replaced here by ∂2T + 1 − △S 3 for convenience
with respect to the second part of this paper, dedicated to the cubic non linear wave equation on

3
. However, the proof for the cubic non linear wave equation on the sphere would be similar to
the one with this operator.
What is more, if the λn,k (resp. or the µn,k) are supposed to be such that
∑
n,k
(1 + n2)s|λn,k |2 = +∞ (resp. or
∑
n,k
(1 + n2)s−1|µn,k |2 = +∞)
for all s > σ, and the an,k and bn,k are complex Gaussian of law N(0, 1), then the elements of E
are almost surely in Hσ × Hσ−1 and almost surely not in Hs × Hs−1.
As it appears, this result recalls one of [5] on the sphere but without the hypothesis of radial
symmetry.
The main idea behind the proof is that with large Gaussian deviation estimates, the solution of
the linear equation U(T )(u0, u1) is made to belong almost surely to Lp for all p ≥ 1 which ensures
local and then global well-posedness. Indeed, it is the gain on integrability on the initial data that
helps to gain regularity on the non linear part (namely, the solution minus U(T )(u0, u1)) of the
solution.
A second issue raised on this paper is the properties of the Penrose transform of the solution.
The Penrose transform sends solutions of (∂2T + 1 − △S 3)u + u3 = 0 on the sphere to solution of
the cubic non linear wave equation on the Euclidean space 3. Indeed, the change of variable
involved in this transform injects ×3 into [−π, π]×S 3 and satisfies nice properties with respect
to the d’Alembertian ∂2t − △3 .
Hence, with a solution of (∂2T + 1 − △S 3)u + u3 = 0 on the sphere, the existence of a solution
of the cubic NLW on 3 is expected.
Nevertheless, the use of the Penrose transform raises three problems : first, the space where
the solution lives shall be described, then, so does the space where this solution is unique, and
finally, the spaces to which the initial data belong or do not belong should be specified.
Unfortunately, the third matter remains unanswered but the author believes that if the work on
the sphere is done with σ = 0, that is with the initial data on the sphere in L2×H−1, then the initial
data on 3 should be almost surely in L2 × H−1 when multiplied by (
(
2
1+r2
)1/2
, (
(
2
1+r2
)−1/2), and
almost surely not to Hs × Hs−1, when s > 0.
Nevertheless, the following theorem holds.
Theorem 1.2. There exists a measure ν on L2(3) ×H−1(3) with
||g||L2 = ||
(
2
1 + r2
)1/2
g||L2 , ||g||H−1(3) = ||
(
2
1 + r2
)−1/2
(1 − H1)−1g||L2
and
H1 =
(
1 + r2
2
)2
△3 +3
1 + r2
2
r∂r + 6
1 + r2
2
and a set F of full ν-measure such that for all (g0, g1) ∈ F, the Cauchy problem :
3
{ (∂2t − △3) f + f 3 = 0
f|t=0 = g0 ∂t f|t=0 = g1
has a unique global solution in L(t)(g0, g1) + C(, H1(3)) where L(t) is the flow of the linear
wave equation.
Moreover, the solution f satisfies scattering in the sense that for all q ∈]185 , 6],
|| f (t) − L(t)(g0, g1)||Lq = O((1 + t2)−1/6)
when t → ±∞.
The measure ν is the image measure of the measure µ induced by (u0, u1) by the Penrose
transform.
The main idea of the proof is that for q ≥ 4, the Lq norm of the solution on 3 is controlled by
the Lq norm of the solution on the sphere, which ensures regularity properties and then uniqueness
of the solution.
Plan of the paper The section 2 is dedicated to the proof of the global well-posedness of the
equation on the sphere. The first two subsections, which are about local theory and global theory
on Hσ ×Hσ−1 with σ > 0, are very similar to [2]. The third one, where the global well-posedness
is dealt with the initial datum being almost surely in L2 × H−1 presents divergences, in particular
due to the fact that the bound on the Lp norms of the chosen basis of L2 depends on p.
The third section is about the Penrose transform and how it acts on the norms of the solution
and the norms of the initial data. The transform is presented, along with its trace on the initial
data, and then what its trace turns the Laplace-Beltrami operator on the sphere to in order to study
the Sobolev norms of the initial data on 3.
The fourth one is about the uniqueness and scattering properties of the solution of the equation
on3. It focuses on the integrability of the solution (how a Lp norm of the solution on the sphere is
changed by the Penrose transform), then its regularity before stating the uniqueness and scattering
results.
Acknowledgements
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2 Almost sure existence of global solutions on the sphere
This section deals with the global well-posedness for the cubic wave equation on the sphere with
initial data taken as a random variable on Hσ × Hσ−1, σ ≥ 0. The solution has a linear part in
C(, Hσ) and a non linear part in C(, H1).
2.1 Definition of the initial data and local theory
Following the techniques of N. Burq and N. Tzvetkov in [2], the random initial datum shall be
chosen such that when it is submitted to the linear flow of the wave equation, it has Lp norms in
time and space.
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Theorem 6 of the third section of [1] provides the existence of a Hilbertian basis of L2(S 3)
composed with spherical harmonics uniformly bounded in Lp. Let us therefore name the different
objects that shall be needed to define a suitable initial datum.
First, let us recall that the eigenvalues of 1 − △S 3 are n2, n ≥ 1.
Thanks to the result of N. Burq and G. Lebeau, denote by (en,k)n≥1,1≤k≤(n+1)2 a Hilbertian basis
of L2(S 3) uniformly bounded in Lp.
Theorem 2.1 (Burq, Lebeau). There exists a Hilbertian basis (en,k)n,k of L2(S 3) such that :
(1 − △S 3)en,k = n2en,k
for all n ≥ 1, 1 ≤ k ≤ n2, n2 being the dimension of the subspace of L2 spanned by the spherical
harmonics of degree n − 1, and such that there exists a constant Cp such that for all n, k
||en,k ||Lp(S 3) ≤ Cp .
To be more precise, Burq and Lebeau proved the following proposition. Set En the vector
space spanned by the spherical harmonics of degree n − 1 and Un the set of orthonormal basis of
En.
Proposition 2.2 (Burq, Lebeau). There exist a family of measure νn on Un with νn(Un) = 1 and
two constants c0, c1 > 0 such that for all p ≥ 2, all n ∈ ∗, and all Λ ≥ 0, the probability :
νn({(en,k)1≤k≤(n+1)2 ∈ Un | ∃k, |‖en,k‖Lp − Mn,p| > Λ})
where Mn,p is a real number bounded by C
√p with C independent from n and p, that is the
probability that the difference between Mn,p and the norm of at least one of the functions of the
basis is bigger than Λ is bounded by :
c0e
−c1n4/pΛ2n2 .
In the Appendix A, we give a straightforward proof of this Proposition, without using the
general framework that Burq and Lebeau used, but largely inspired by their paper, and we deduce
from it that there exists a sequence pm →∞ and a basis en,k of spherical harmonics such that
‖en,k‖Lpm ≤ C
√
pm . (1)
As afore-mentioned, the main difference between this section of this paper and the one by
by Burq and Tzvetkov [2] is that in their paper, the basis of L2 is bounded uniformly in Lp, but
uniformly in terms of p too. This property allows them to ask for an almost sure Lp bound (so to
speak) on the initial datum and take p → ∞. The difference will appear and be detailed later.
Let σ ∈ [0, 12 [ and (un,k0 )n,k and (un,k1 )n,k be two sequences of real numbers such that the series∑
n≥1
n2σ
∑
1≤k≤(n+1)2
(un,k0 )2 and
∑
n≥1
n2(σ−1)
∑
1≤k≤(n+1)2
(un,k1 )2
converge but at least one of the series
∑
n≥1
n
∑
1≤k≤(n+1)2
(un,k0 )2 or
∑
n≥1
n−1
∑
1≤k≤(n+1)2
(un,k1 )2
diverges, that is to say
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
∑
n,k
u
n,k
0 en,k,
∑
n,k
u
n,k
1 en,k

belongs to Hσ ×Hσ−1 but is not necessarily in the critical space for the cubic NLW H1/2 × H−1/2.
Let (X,A, P) be a probability space large enough such that two sequences (an,k) and (bn,k) of
random variables can be taken satisfying that the an,k are independent from each other and from
the bn,k, the bn,k are independent from each other and that there exists a such that for all n, k and
all γ ∈  :
E(eγan,k ), E(eγbn,k ) ≤ eaγ2
where E is the mean value with respect to the probability measure P, which ensures that the
random variables have Gaussian large deviation estimates.
Proposition 2.3. The sequences of L2(X, Hσ(S 3)) and L2(X, Hσ−1(S 3)) respectively
uN0 =
N∑
n=1
(n+1)2∑
k=1
un,k0 an,ken,k and u
N
1 =
N∑
n=1
(n+1)2∑
k=1
un,k1 bn,ken,k
converges. Let u0 and u1 their limits.
Proof. The proof consists in the fact that the mean values of a2
n,k and b
2
n,k are uniformly bounded
by 8a. It ensures that the sequences are Cauchy in their respective spaces and therefore that they
converge. 
Let U(T ) be the flow of the linear equation (∂2T + 1 − △S 3)u = 0, that is
U(T )

∑
n,k
vn,k0 en,k,
∑
n,k
vn,k1 en,k
 =
∑
n,k
(cos(nT )vn,k0 +
sin(nT )
n
vn,k1 )en,k .
Set
S NM =
M∑
n=N
∑
k
n2σ(un,k0 )2 + n2(σ−1)(un,k1 )2 ,
S M = S 0M , S
N
= lim
M→∞
S N+1M and S = S N + S
N .
Set also ΠN , N ≥ 0 the orthogonal projection on the subspace of L2 spanned by {en,k | n ≤ N}
with the convention Π0 = 0.
The initial data u0, u1 satisfy some properties regarding the spaces where they belong. With
pm the sequence that goes to ∞ for which we have the uniform bound (1) :
Proposition 2.4. There exists C, c > 0 such that for all λ ≥ 0 :
• for all N ≥ 0, all pm and with δpm = 2pm > 1pm
P(|| 1
1 + |T |δpm (1 − ΠN)U(T )(u0, u1)||Lpm (×S 3) ≥ λ) ≤
Cpm
√
S N
λ

pm
,
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• with δ3 = 2/3 > 1/3,
P(|| 1
1 + |T |δ3 U(T )(u0, u1)||L3T ,L6(S 3) ≥ λ) ≤ Ce
−cλ2/S
• for all M ≥ 1 and with s = 1 if σ = 0 and s = 0 otherwise
P(|| 1
1 + T 2
ΠMU(T )(u0, u1)||L1T ,L∞(S 3) ≥ λ) ≤ Ce
−cλ2/(MsS ) .
The difference between the choices for σ in the third inequality is due to the fact that if σ > 0
then by Sobolev embeddings, there exists some p large enough such that Wσ,p is embedded in
L∞. In the proof, it will appear that (1 + T 2)−1U(T )(u0, u1) is almost surely and with the same
deviation estimates in L1(,Wσ,p), the L1 norm being taken on the time. Hence, when σ > 0, the
bound does not depend on M, as we can take the left hand-side of the inequality with M → ∞.
For σ = 0, we can not apply Sobolev embedding, thus the bound depends on M, we chose s = 1
but we could have chosen any s > 0.
In the proof, we will write p instead of pm.
Remark 2.1. This proposition differs from the similar one in the torus case, [2] where the first
inequality corresponded to :
P(|| 1
1 + |T |δp (1 − ΠN)U(T )(u0, u1)||Lp(×S 3) ≥ λ) ≤
C
√p
√
S N
λ

p
.
Proof.
Lemma 2.5. There exists C such that for all q ≥ 1 and all couples of l2 sequences vn,k,wn,k :
||
∑
n,k
an,kvn,k + bn,kwn,k||LqX ≤ C
√
q
(∑
|vn,k |2 + |wn,k|2
)1/2
.
The proof can be found in [3], Lemma 3.1.
Lemma 2.6. There exists C such that for all r, p ≥ 1, s ≥ 0, M > N ≥ 0 and q ≥ r, p,
|| 1
1 + |T |2/r (1 − ΠN)(1 − △)
s/2U(T )(uM0 , uM1 )||LqX ,LrT ,Lp(S 3) ≤ C
√
p
√
qMs
′ √S M − S N
with s′ = s − σ if s ≥ σ and s′ = 0 otherwise.
Proof. Let
Σ
M
N (x) =
M∑
n=N+1
1+n2∑
k=1
n2s
(
(un,k0 )2 + n−2(un,k1 )2
)
|en,k(x)|2 .
Using the previous lemma and bounding the sines and cosines by 1 in
(1 − △)s/2U(T )(uM0 , uM1 ) ,
it appears that
7
|| 1
1 + |T |2/r (1 − ΠN)(1 − △)
s/2U(T )(uM0 , uM1 )||LqX ≤
C
1 + |T |2/r
√
q
√
Σ
M
N (x) .
Hence, as q ≥ r, p, and thanks to Minkowski inequality, one can reverse the order of the norms
:
|| 1
1 + |T |2/r (1 − ΠN)(1 − △)
s/2U(T )(uM0 , uM1 )||LqX ,LrT ,Lp(S 3)
≤ || 1
1 + |T |2/r (1 − ΠN)(1 − △)
s/2U(T )(uM0 , uM1 )||LrT ,Lp(S 3),LqX
≤ C √q|| 1
1 + |T |2/r ||L
r
T
||ΣMN ||1/2Lp/2 .
The map 11+|T |2/r is in L
r and its norm is less than some constant which does not depend on r
and
||ΣMN ||Lp/2 ≤
M∑
n=N+1
1+n2∑
k=1
n2s
(
(un,k0 )2 + n−2(un,k1 )2
)
||en,k(x)||2Lp
as ‖en,k‖Lp ≤ C √p,
≤ Cp
M∑
n=N+1
1+n2∑
k=1
n2s
(
(un,k0 )2 + n−2(un,k1 )2
)
≤ CpM2s′(S M − S N) .
Therefore,
|| 1
1 + |T |2/r (1 − ΠN)(1 − △)
s/2U(T )(uM0 , uM1 )||LqX ,LrT ,Lp(S 3) ≤ C
√
p
√
qMs
′ √S M − S N .
End of the proof of Lemma 2.6 
To prove the first inequality of the proposition, take M → ∞, s = 0, and r = q = p in the
previous lemma to get :
|| 1
1 + |T |2/p (1 − ΠN)U(T )(u0, u1)||LpX ,LpT ,Lp(S 3) ≤ Cp
√
S N .
Then,
P(|| 1
1 + |T |2/p (1 − ΠN)U(T )(u0, u1)||LpT ,Lp(S 3) ≥ λ)
= P(|| 1
1 + |T |2/p (1 − ΠN)U(T )(u0, u1)||
p
LpT ,Lp(S 3)
≥ λp)
≤ λ−pE(|| 1
1 + |T |2/p (1 − ΠN)U(T )(u0, u1)||
p
LpT ,L
p(S 3))
= λ−p|| 1
1 + |T |2/p (1 − ΠN)U(T )(u0, u1)||
p
LpX ,L
p
T ,Lp(S 3)
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≤
Cp
√
S N
λ

p
.
To prove the second, use the previous lemma with r = 3, p = 6, q ≥ 6, s = 0, M → ∞, N = 0
to get :
P(|| 1
1 + |T |2/3 U(T )(u0, u1)||L3T ,L6(S 3) ≥ λ) ≤
C
√q√S
λ

q
.
For λ ≥
√
6
√
S Ce, choose
q =
λ2
C2e2S
≥ 6
to get
P(|| 1
1 + |T |2/3 U(T )(u0, u1)||L3T ,L6(S 3) ≥ λ) ≤ e
−p
= e−cλ
2/S
and for small λ use the fact that the probability is bounded by 1 which is less than e6e−cλ2/S to get
for all λ
P(|| 1
1 + |T |2/3 U(T )(u0, u1)||L3T ,L6(S 3) ≥ λ) ≤ Ce
−cλ2/S .
For the third inequality with σ = 0, use the previous lemma with N = 0, r = 1, s = 12 , p some
pm > 6, q ≥ pm to get
|| 1
1 + T 2
ΠMU(T )(u0, u1)||Lq ,L1T ,L∞(S 3)
≤ || 1
1 + T 2
ΠMU(T )(u0, u1)||Lq,L1T ,W1/2,p(S 3) ≤ CM
1/2√q
√
S M ≤ CM1/2 √q
√
S
thanks in particular to the Sobolev embedding W1/2,7 → L∞ and then
P(|| 1
1 + |T |2ΠMU(T )(u0, u1)||L1T ,L∞(S 3) ≥ λ) ≤
C
√qM1/2 √S
λ

q
and finally
P(|| 1
1 + |T |2ΠMU(T )(u0, u1)||L1T ,L∞(S 3) ≥ λ) ≤ Ce
−cλ2/(MS ) .
For the third inequality with σ > 0, use the previous lemma with N = 0, r = 1, s = σ, p some
pm larger than 4σ , q ≥ p to get
|| 1
1 + T 2
ΠMU(T )(u0, u1)||Lq ,L1T ,L∞(S 3)
≤ || 1
1 + T 2
ΠMU(T )(u0, u1)||Lq,L1T ,W1/2,p(S 3) ≤ C
√
q
√
S M ≤ C √q
√
S ,
then
9
P(|| 1
1 + |T |2ΠMU(T )(u0, u1)||L1T ,L∞(S 3) ≥ λ) ≤
C
√q√S
λ

q
,
and finally, with an appropriate choice for q,
P(|| 1
1 + |T |2ΠMU(T )(u0, u1)||L1T ,L∞(S 3) ≥ λ) ≤ Ce
−cλ2/S .

Thanks to previous proposition, it is known now that 11+|T |2/3 U(T )(u0, u1) belongs almost surely
to L3T , L
6(S 3). Let us use this property in the local theory.
First, rewrite the equation on the sphere in a more convenient way.
The map u solves
{
∂2T u + (1 − △)u + u3 = 0
u|T=0 = v0 ∂T u|T=0 = v1
(2)
if and only if v = u − U(T )(v0, v1) solves, with g(T ) = U(T )(v0, v1) :
{
∂2T v + (1 − △)v + (g + v)3 = 0
v|T=0 = 0 ∂T v|T=0 = 0
. (3)
Proposition 2.7. There exists C such that for all Λ > 0, all T0 ∈  and all g, v0, v1 such that
|| 1
1 + |T |2/3 g||
3
L3T ,L6(S 3)
≤ Λ , ||v0||H1 ≤ Λ , ||v1||L2 ≤ Λ ,
the equation
{
∂2T v + (1 − △)v + (g + v)3 = 0
v|T=T0 = v0 ∂T v|T=T0 = v1
(4)
has a unique solution in C([T0 − T1, T0 + T1], H1) with T1 = min(1, 1CΛ2(1+T 20 )3 ).
Proof. Let
φg,v0 ,v1(v)(T ) = S (T − T0)(v0, v1) −
∫ T
T0
sin((T − τ)√1 − △)√
1 − △
(
(g + v)3(τ)
)
dτ .
The equation (4) can be rewritten as the fixed point problem φg,v0,v1 (v) = v. The map φg,v0,v1
satisfies :
||φg,v0 ,v1(v)(T )||H1 ≤ CΛ +
∫ T
T0
||(g + v)3||L2
||(g + v)3||L2 = ||g + v||3L6 ≤ C(||g||3L6 + ||v||3L6 ) ≤ C(||g||3L6 + ||v||3H1 )
||φg,v0 ,v1(v)(T )||H1 ≤ C
(
Λ + (1 + |T − T0|2 + |T0|2)|| 11 + |τ|2/3 g||L3τ ,L6(S 3) +
∫ T
T0
||v(τ)||3H1 dτ
)
.
With T ∈ [T0 − T1, T0 + T1],
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||φg,v0 ,v1(v)||L∞T ,H1 ≤ C
(
(2 + T 20 + T 21 )Λ + |T1| ||v||L∞T ,H1
)
.
If T1 ≤ min(1, 1C3Λ2(4+T 20 )3 and ||v||L∞,H1 ≤ CΛ(4 + T
2
0 ), then
||φg,v0,v1 (v)||L∞T ,H1 ≤ C(4 + T
2
0 )Λ
so the ball of radius C(4 + T 20 )Λ in C([T0 − T1, T0 + T1], H1(S 3)) is stable under φg,v0,v1 .
What is more, in this ball
||φg,v0,v1 (v) − φg,v0,v1 (w)||L∞T ,H1
≤ C||v − w||L∞T ,H1
(
(2 + T 20 )||
1
1 + |T |2/3 g||
2
L3T ,L6
||1[T0−T1,T0+T1]||L3T + T1(||v||
2
L∞,H1 + ||w||2L∞T ,H1)
)
≤ C||v − w||L∞T ,H1
(
T 1/31 (2 + T 20 )Λ2/3 + T1Λ2(4 + T 20 )2
)
.
Therefore with C large enough and T1 ≤ 1CΛ2(1+T 20 ) , the fixed point theorem applies which
concludes the proof. 
Thanks to the local Cauchy theory, one can see that the solution of (3) can be extended for
bigger times as long as the energy :
E(T ) =
∫
v(1 − △)v +
∫
(∂T v)2 + 12
∫
v4
is finite.
To bound this quantity, different arguments are used depending on whether the initial data have
been built with σ = 0 or σ > 0.
2.2 Global solutions on the sphere : case 1
Theorem 2.8. Suppose that σ > 0. There exists a set Eσ ⊆ Hσ × Hσ−1 such that the probability
P((u0, u1) ∈ Eσ) = 1
and that for all v0, v1 ∈ Eσ, the Cauchy problem (2) with initial datum v0, v1 is globally well-posed
in U(T )(v0, v1) + C(, H1).
Proof. The third inequality of Proposition 2.4 ensures that, when σ > 0, 11+T 2 U(T )(u0, u1) be-
longs almost surely to L1T , L
∞(S 3) and 11+|T |2/3 U(T )(u0, u1) belongs almost surely to L3T , L6(S 3).
Therefore, take for Eσ the set of initial data which satisfy
|| 1
1 + T 2
U(T )(v0, v1)||L1T ,L∞(S 3) < ∞ ,
|| 1
1 + |T |2/3 U(T )(v0, v1)||L3T ,L6(S 3) < ∞ .
For v0, v1 ∈ Eσ, call g(T ) = U(T )(v0, v1) and let v be the local solution of
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∂2T v + (1 − △)v + (g + v)3 = 0
with initial datum 0, 0.
According to the local Cauchy theory, the solution v exists as long as
∫
(∂T v)2 +
∫
v(1 − △)v
is finite.
Take
E2(T ) =
∫
(∂T v)2 +
∫
v(1 − △)v + 1
2
∫
v4
and differentiate this quantity with respect to T .
(∂TE)E =
∫
∂T v∂
2
T v +
∫
∂T v(1 − △)v +
∫
∂T vv
3
=
∫
(∂T v)
(
v3 − (g + v)3)
)
.
Hence,
∂TE ≤ ||v3 − (g + v)3||L2 ≤ C
(
||g(T )3 ||L2 + ||g2v(T )||L2 + ||gv2 ||L2
)
|∂TE| ≤ C
(
||g(T )||3L6 + ||g||2L6 ||v||L6 + ||g||L∞ ||v||2L4
)
|∂TE| ≤ C
(
||g(T )||3L6 + ||g||2L6E + ||g||L∞E
)
thanks to Sobolev embedding H1 → L6, and applying Gronwall lemma :
E(T ) ≤ C
∫ T
0
||g(τ)||3L6 dτe
c
∫ T
0 (||g(τ)||2L6+||g(τ)||L∞ )dτ < ∞ ,
the energy is bounded, which concludes the proof of Theorem 2.8. 
2.3 Global solutions on the sphere : case 2
Theorem 2.9. Suppose that σ = 0. There exists a set E ⊆ L2 × H−1 such that the probability
P((u0, u1) ∈ E) = 1
and that for all v0, v1 ∈ E, the Cauchy problem (2) with initial datum v0, v1 is globally well-posed
in U(T )(v0, v1) + C(, H1).
Proposition 2.10. Let T0 > 0. There exists C(T0) such that for all θ > 0 and p = 6θ , supposing
that g = U(T )(v0, v1) can be written g = g1 + g2 with
C(T0)|| 11 + T 2/3 g||
3
L3T ,L
6
x
≤ ep/18 and C(T0)(|| 11 + T 2/3 g||
2
L3T ,L
6
x
+ || 1
1 + T 2
g1||L2T ,L∞x + ||
1
1 + T 2/p
g2||LpT ,x) ≤
p
18
then the equation (4) has a unique solution onto C([−T0, T0], H1). The constant C depends on T0
but is independent of θ.
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Proof. We consider the energy given in the previous subsection :
E(v)2 =
∫
v(1 − △)v +
∫
(∂T v)2 + 12
∫
v4 .
If v is the local solution of (4), on its interval of definition, it comes :
∂TE(v)E(v) =
∫
(∂T v)
(
g3 + 3g2v + 3(g1 + g2)v2
)
and by using Ho¨lder inequalities, in particular on the last term, with 1/p′ + 1/p = 1/2,
∣∣∣∣
∫
(∂T v)g2v2 ≤ ‖∂T v‖L2 ||g2(T )||Lp ||v2||Lp′
we get
∂TE(v) ≤ ||g(T )||3L6x + 3||g(T )||
2
L6x
||v||L6 + 3||g1(T )||L∞ ||v2||L2 + 3||g2(T )||Lp ||v2||Lp′ .
Then, by using Sobolev embedding H1 ⊂ L6 and because the H1 norm of v is controlled by
the energy
||v||L6 ≤ C||v||H1 ≤ CE
and because the L4 norm to the square is controlled by the energy :
||v2||L2 = ||v||2L4 ≤ CE
finally, as θ = 6p ,
1
2p′
=
1
4
− 1
2p
=
1
4
− θ
12
=
1 − θ
4
+
θ
6
we get
||v2||Lp′ = ||v||2L2p′ ≤ (||v||
1−θ
L4 ||v||θL6 )2 ≤ CE1−θ||v||2θH1 ≤ CE(v)1+θ .
Thus,
∂TE(v) ≤ ||g(T )||3L6x +C
(
(||g(T )||2L6x + ||g1(T )||L∞)E + ||g2(T )||LpE
1+θ
)
.
As E is continuous and initially 0, suppose that until time T1 it is less than ep/6 = e1/θ, then
until time T1, it appears that :
∂TE(v) ≤ ||g(T )||3L6x +C
(
(||g(T )||2L6x + ||g1(T )||L∞ ) + ||g2(T )||Lp
)
E .
Using Gronwall lemma,
E(v) ≤ C(1 + T 20 )||g||3L3T ,L6x e
C((1+T 20 )2/3 || 11+T2/3 g||
2
L3T ,L
6
x
+(1+T 20 )|| 11+T2 g1 ||L1T ,L∞+(1+T
2
0 )(1+p)/2p || 11+T2/p g2 ||LpT,x )
≤ C(1 + T 20 )||g||3L3T ,L6x e
C(1+T 20 )
(
|| 1
1+T2/3
g||2
L3T ,L
6
x
+|| 1
1+T2
g1 ||L1T ,L∞+||
1
1+T2/p
g2 ||LpT,x
)
.
Choosing C(T0) = C(1 + T 20 ), by hypothesis :
E(v) ≤ ep/9 < ep/6 .
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Suppose that the solution v is not well posed on [−T0, T0], then as E(v) controls the H1 norm
of v and the L2 norm of ∂T v, there exists a time T1 such that for all time T smaller than T1, the
energy E(v) is smaller than ep/6 and a ǫ such that for all T ∈]T1, T1 + ǫ[, E(v) > ep/6. Then, thanks
to the previous computation, until T1, the energy is strictly less than ep/6 and as is it continuous,
there exists ǫ′ such that the energy remains smaller than ep/6 until T1 + ǫ′ with contradicts the
hypothesis.
Hence, the equation (3) has a unique solution in C([−T0, T0], H1) provided that g satisfies the
right properties. 
Definition 2.11. Let θ ∈ { 6pm ,m ∈ }, p =
6
θ
. As
S N =
∑
n>N
(un,k0 )2 + n−1(un,k1 )2
converges toward 0 when N goes to ∞, there exists N(T0) such that
√
S N(T0) is smaller than
1
54eC(T0)C1 , where C1 is the constant involved in the first inequality of Proposition 2.4 and C(T0) is
the one involved in Proposition 2.10, let
Fθ(T0) = {v0, v1 | C(T0)||U(T )(v0, v1)||3L3T ,L6x ≤ e
p/18} ,
Gθ(T0) = {v0, v1 | C(T0)||U(T )(v0, v1)||2L2T ,L6x ≤
p
54 } ,
Hθ(T0) = {v0, v1 | C(T0)||U(T )ΠN(v0, v1)||L1T ,L∞x ≤
p
54 } ,
Iθ(T0) = {v0, v1 | C(T0)||U(T )(1 − ΠN)(v0, v1)||LpT,x ≤
p
54 } ,
Jθ(T0) = Fθ ∩Gθ ∩ Hθ ∩ Iθ .
Call then
E(T0) =
⋃
θ∈{ 6pm ,m∈}
Jθ .
Remark 2.2. The separation between the high and low frequencies is useful there, as S N can be
taken as small as one wants and ensures that the measure of Ic
θ
is small enough.
Proposition 2.12. The set E(T0) is of full µ-measure.
Proof. The measures of the complementary of the different sets defined satisfy :
µ(Fcθ) = µ
(
{v0, v1 | ||U(T )(v0, v1)||L3T ,L6x > e
p/54}
)
≤ Ce−c(T0)ep/27
µ(Gcθ) ≤ µ
(
{v0, v1 | ||U(T )(v0, v1)||L3T ,L6c >
√
p
54C }
)
≤ Ce−c(T0)p
µ(Hcθ) = µ
(
{v0, v1 | ||U(T )ΠN(v0, v1)||L1T ,L∞x >
p
54C }
)
≤ Ce−c(T0)p2/N
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µ(Icθ ) = µ
(
{v0, v1 | ||U(T )(1 − ΠN)(v0, v1)||LpT,x >
p
54C }
)
≤
C1 p54C(T0)
√
S N
p

p
µ(Icθ ) ≤ e−p .
It comes :
µ(Jcθ) ≤ Ce−c(T0)p .
Thus, for all θ, E(T0) satisfies
µ(Ec(T0)) ≤ µ(Jcθ) ≤ Ce−c6/θ .
Taking the limit when θ goes to 0 (as when m →∞, pm → ∞ and then 6pm → 0):
µ(Ec(T0)) = 0 , µ(E(T0)) = 1 .

Proposition 2.13. For all (v0, v1) ∈ E(T0), the cubic non linear wave equation on the sphere (2)
with initial datum v0, v1 has a unique solution in U(T )(v0, v1) + C([−T0, T0], H1).
Proof. The equation (3) with g = U(T )(v0, v1) = g1 + g2, g1 = ΠNg, g2 = (1 − ΠN)g is equivalent
to (2) and satisfies the hypothesis of Proposition 2.10 for some θ ∈]0, 1[, hence it is well posed in
C([−T0, T0], H1). Thus, (3) is well-posed in U(T )(v0, v1) + C([−T0, T0], H1). 
Definition 2.14. Let TN be an increasing sequence of  going to +∞ and let
E = lim sup E(TN) .
Proposition 2.15. The set E is of full µ-measure.
Proof. Indeed, using Fatou’s lemma,
µ(Ec) = µ(lim inf E(TN)c) ≤ lim inf µ(E(TN)c) = 0 .

Proof. of Theorem 2.9. Let T ≥ 0. As the sequence TN is increasing toward ∞ there exists N0
such that for all N ≥ N0,
TN ≥ TN0 ≥ T .
Since E = lim sup E(TN), for all N1 there exists N ≥ N1 such that v0, v1 ∈ E(TN). With
N1 = N0 there exists N ≥ N0 such that
TN ≥ T and v0, v1 ∈ E(TN) .
Hence the equation has a unique solution on U(τ)(v0, v1) + C([−TN , TN], H1) and thus in
U(τ)(v0, v1) + C([−T, T ], H1). Therefore, this property holding for all time T , the equation has
a unique solution in U(T )(v0, v1) + C(, H1). 
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3 Reduction to the sphere and almost sure solutions on the Euclidean
space
In this section, the problem on the Euclidean space is reduced thanks to the Penrose transform to
the problem on the sphere. The existence of solution for the Cauchy problem with initial data on
a suitable space is derived in this way. Note that for all the sequel σ = 0.
3.1 Penrose transform and reduction to the sphere
As a basis of L2 uniformly bounded in Lp is required to use the techniques developed by N. Burq
and N. Tzvetkov in [2] and according to [1], the problem needs to be reduced to the sphere. For
that, the Penrose transform seems appropriate, since it turns the d’Alembertian of 3 into the
d’Alembertian of S 3 added to the identity on distributions.
Definition 3.1 (Penrose Transform on the variables). For all t ∈  and r ∈ +, define T (t, r),
R(t, r), R0(r), Ω(t, r) and Ω0(r) as :
T = Arctan (t + r) + Arctan (t − r) , R = Arctan (t + r) − Arctan (t − r) ,
R0(r) = R(0, r) = 2Arctan (r) ,
Ω(t, r) = cos T + cos R = 2√
(1 + (t + r)2)(1 + (t − r)2)
Ω0(r) = Ω(0, r) = 21 + r2 .
Proposition 3.2. The map
t, r, ω ∈  ×+ × S 2 7→ T (t, r),R(t, r), ω
is a bijection from  ×3 to S = {(T,R, ω) | cos T + cos R > 0} and its inverse is given by
T,R, ω 7→ t = sin T
cos T + cos R
, r =
sin R
cos T + cos R
, ω .
See [8, 4] for the proof.
Remark 3.1. The map r, ω 7→ 2Arctan (r), ω is a bijection from 3 to S 3 deprived of one of its
poles, R0(r) = 2Arctan (r) ∈ [0, π[ being the third angle describing a point in S 3.
Definition 3.3 (Penrose Transform on distributions). Let f be a distribution on×3 and ( f0, f1)
be a pair of distributions on 3. Define then v = PT( f ) the distribution on S and (v0, v1) =
PT0( f0, f1) the pair of distributions on S 3 deprived of one of its poles such that
v(T,R, ω) = f ( sin T
cos T + cos R
,
sin R
cos T + cos R
, ω)(cos T + cos R)−1
and
v0(R, ω) = f0(tan(R/2), ω)1 + cos R , v1(R, ω) =
f1(tan(R/2), ω)
(1 + cos R)2 .
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Remark 3.2. The definition of PT0 may appear a little awkward but the idea hidden behind the
notations is that f solves the cubic non linear wave equation with initial datum (g0, g1) if an
extension of PT( f ) solves the equation of the first section with initial datum an extension to S 3 of
PT0(g0, g1).
Definition 3.4. Let u be a distribution on  × S 3 and v0, v1 two distributions on S 3, the inverse
Penrose transform is given by :
PT−1u(t, r, ω) = Ω(t, r)u(Arctan (t + r) + Arctan (t − r),Arctan (t + r) − Arctan (t − r), ω) ,
which depends only on the restriction of u to S and the inverse Penrose transform at time t = 0 ⇔
t = 0 by
PT−10 (r, ω)(v0, v1) =
(
Ω0(r)v0(2Arctan (r), ω) , ,Ω20(r)v1(2Arctan (r), ω)
)
,
witch depends only on the restriction on S 3 deprived of one of its poles of v0, v1.
Lemma 3.5. If u solves the problem
{ (∂2T + 1 − △S 3)u + u3 = 0
(u|T=0, ∂T u|T=0) = v0, v1 (5)
then the map f defined as the inverse Penrose transform of u restricted to S , that is
f = PT−1(u)
solves the problem :
{ (∂2t − △3) f + f 3 = 0
f |t=0 = g0 ∂t f |t=0 = g1 (6)
where
(g0, g1) = PT−10 (v0, v1) .
Proof. The fact that the Penrose transform sends the action of ∂2t −△3 on ×3 onto the action
of Ω3(∂2T + 1 − △S 3) on S is known and the proof can be found in [8]. Thus, on S
(
(∂2t − △3) f + f 3
)
(t, r, ω) = Ω3(∂2T + 1 − △S 3)PT( f ) + Ω3PT( f )3(T (t, r),R(t, r), ω) = 0 .
What is more, T = 0 ⇔ t = 0,
g0 = f (t = 0) = Ω0u(T = 0) = Ω0u(R0(r))
and
g1 = ∂t f (t = 0) = (∂tΩ)(t = 0)u(0,R0(r)) + Ω0∂tT (t = 0)∂T u + Ω0∂tR(t = 0)∂Ru
= Ω0(r)2∂T u = Ω20v1(R0(r)) .

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3.2 Properties of the change of variable
In this subsection, the properties of the change of variables involved in the Penrose transform is
studied, in particular what it implies on operators and norms.
Definition 3.6. Let Ψ be the change of variable corresponding to the Penrose transform at time
T = 0, that is to say :
Ψ(v)(r, ω) = v(2Arctan (r), ω) .
Proposition 3.7. This change of variable satisfies :
• for all v,w,
∫
v(R, ω)w(R, ω) sin2 RdωdR =
∫
Ψ(v)(r, ω)Ψ(w)(r, ω)r2
(
2
1+r2
)3
dr ,
• for all v, ∫ |v|p sin2 RdR = ∫ |Ψ(v)|pr2 ( 21+r2
)3
dr,
• Ψ(△S 3v) =
(
1+r2
2
)2 △3 Ψ(v) − 1+r22 r∂rΨ(v).
Proof. The proof comes from the facts that :
• dR = 21+r2 dr,
• sin R = 2r1+r2 and
• tan R = 2r1−r2 .
Hence, to do the change of variable in the integrals, one can use :
sin2 RdR =
(
2
1 + r2
)3
r2dr .
The computation of the change of variable on the Laplace-Beltrami operator is quite similar:
Ψ(∂Rv) = (∂rR)−1∂rΨ(v)
Ψ(sin2(R)∂Rv) = 2r
2
1 + r2
∂rΨ(v)
Ψ(∂R sin2(R)∂Rv) = (∂rR)−1∂rΨ(sin2 R∂Rv)
Ψ(∂R sin2(R)∂Rv) = − 2r
3
1 + r2
∂rΨ(v) + ∂r
(
r2∂rΨ(v)
)
Ψ( 1
sin2 R
∂R sin2(R)∂Rv) = −1 + r
2
2
r∂rΨ(v) +
(
1 + r2
2
)2 1
r2
∂r(r2∂rΨ(v))
Ψ(△S 3v) =
(
1 + r2
2
)2
△3 Ψ(v) −
1 + r2
2
r∂rΨ(v).

Definition 3.8. Let f0, f1 be the inverse Penrose transform at time T = 0 of (u0, u1) and gn,k, hn,k
the inverse Penrose transform at time T = 0 of en,k, en,k, that is to say :
f0 =
∑
n,k
un,k0 an,kgn,k , f1 =
∑
n,k
un,k1 bn,khn,k .
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Proposition 3.9. The gn,k are the eigenfunctions of H0 =
(
1+r2
2
)2 △3 + 1+r22 r∂r + 3+r22 with eigen-
values 1 − n2 and the hn,k are the eigenfunctions of H1 =
(
1+r2
2
)2 △3 +31+r22 r∂r + 61+r22 with
eigenvalues 1 − n2, n ≥ 1.
Proof. As
gn,k =
2
1 + r2
Ψ(en,k)
they are the eigenfunctions of the operator H0 such that
H0(g) = 21 + r2Ψ
(
△S 3Ψ−1(
1 + r2
2
g)
)
.
It remains to compute H0.
H0g =
(
1 + r2
2
)2
△3 g +
1 + r2
2
r∂rg +
3 + r2
2
g
As the hn,k are given by
hn,k =
(
2
1 + r2
)2
en,k ,
they are the eigenfunctions of the operator H1 defined by
H1h =
(
2
1 + r2
)2
Ψ
△S 3Ψ−1
(
1 + r2
2
)2
h
 .
By manipulating the expression of H1, we get that
H1h =
(
1 + r2
2
)2
△3 h + 3
1 + r2
2
r∂rh + 6
1 + r2
2
h .

Corollary 3.10. Let f0 and f1 given by ( f0, f1) = PT−10 (u0, u1). We have that :
||u0 ||W s,p(S 3) = ||
(
2
1 + r2
)3/p−1
(1 − H0)s/2 f0||Lp(3)
||u1 ||W s,p(S 3) = ||
(
2
1 + r2
)3/p−2
(1 − H1)s/2 f1||Lp(3) .
Proof. First, do the change of variable in the Lp-norm :
||u0||W s,p = ||
(
2
1 + r2
)3/p
Ψ((1 − △S 3)s/2u0)||Lp .
Then, compute Ψ((1 − △S 3)s/2u0) :
Ψ((1 − △S 3)s/2u0) = Ψ

∑
n,k
nsun,k0 an,ken,k
 = 1 + r
2
2
∑
n,k
nsun,k0 an,kgn,k
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=
1 + r2
2
∑
n,k
(1 − H0)s/2un,k0 an,kgn,k =
1 + r2
2
(1 − H0)s/2 f0 .
In the end, it comes :
||u0||W s,p = ||
(
2
1 + r2
)3/p−1
(1 − H0)s/2 f0||Lp .
The second equality is proved the same way. 
3.3 Spaces of definition of the initial data
Considering the results of the previous subsection, the choice of the random variable an,k and bn,k
will be made such that the initial datum u0, u1 of the equation reduced to the sphere is a Gaussian
vector, in order to state which norms of u0 and u1 and then of the initial datum of the wave equation
on the Euclidean space are almost surely finite or infinite.
In this subsection, suppose that an,k and bn,k not only satisfy the Gaussian large deviation
estimate, but that they are Gaussian. To ensure that the initial datum is almost surely not into some
spaces, Fernique’s theorem should be used :
Theorem 3.11 (Fernique, 1974). Let X be a Gaussian vector with value into a Banach space B
and N a pseudo-norm on B (a pseudo-norm has the same properties as a norm except that ∞ is
one of its possible value), then for all p ≥ 1 if the mean value of N(X)p is infinite, then N(X) is
almost surely ∞ :
E(N(X)p) = ∞ ⇒ P(N(X) = ∞) = 1 .
For the proof, see [6].
Proposition 3.12. The initial datum u0, u1 is almost surely not in Hs × Hs−1 for all s > 0.
Proof. Use Fernique’s theorem with B = L2, p = 2 and N being the Hs norm and X either u0 or
u1. As
E(||u0 ||2Hs) =
∑
n,k
(un,k0 )2n2s ,
E(||u1 ||2Hs−1) =
∑
n,k
(un,k1 )2n2(s−1) ,
either one of this series diverges and u0 and u1 are pseudo Gaussian vectors, it comes that almost
surely
||u0||Hs = ∞
or almost surely
||u1 ||Hs−1 = ∞ .

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Considering the remarks on the norms of the initial datum ( f0, f1) with respect to the ones of
(u0, u1) in the previous subsection, the author believes that the initial datum f0, f1 of the cubic non
linear wave equation belongs almost surely to L2 ×H−1 with weight 1√
1+r2
but is almost surely not
in Hs × Hs−1 for all s > 0.
Nevertheless, the proof would require the equivalence between the norms
||
(
2
1 + r2
)1/2
(1 − H0)s/2.||L2(3) and ||
(
2
1 + r2
)1/2−s
(1 − △3)s/2.||L2(3)
in the one hand and
||
(
2
1 + r2
)−1/2
(1 − H1)s/2.||L2(3) and ||
(
2
1 + r2
)−1/2−s
(1 − △3)s/2.||L2(3)
on the other hand.
Definition 3.13. Let H s0(3) and H s1(3) be the topological spaces defined by the norms
||g||H s0 (3) = ||
(
2
1 + r2
)1/2
(1 − H0)sg||L2
and
||g||H s1 (3) = ||
(
2
1 + r2
)−1/2
(1 − H1)sg||L2 .
Proposition 3.14. The set F = PT−10 (E) is almost surely included in H00 ×H−11 and almost surely
disjoint from H s0 ×H s−11 for all s > 0.
Setting f0, f1 = PT−10 (u0, u1), the random variable which is used as initial datum of the cubic
NLW on 3 and ν the image measure of µ under PT0, the set F satisfies ν(Fc) = 0, which means
that there exists ν almost surely a solution of the cubic NLW.
4 Uniqueness of the solution and scattering
In this section, the uniqueness of the solution, alongside with some scattering properties is proved.
4.1 Uniqueness
Theorem 4.1. Let g0, g1 ∈ PT−10 (E). The Cauchy problem{
∂2t f − △ f + f 3 = 0
f |t=0 = g0, ∂t f|t=0 = g1
has a unique solution in L(t)(g0, g1) + C(, H1(3)) where L(t) is the flow of ∂2t − △ = 0.
Proof. Let v0, v1 ∈ E such that (g0, g1) is the inverse Penrose transform of v0, v1, let u be the
solution of the equation on the sphere with initial datum v0, v1. Let f be the Penrose transform of
u restricted to S , this map f satisfies the Cauchy problem with initial datum g0, g1, which gives
the existence of the solution. Prove now that this solution is unique.
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Lemma 4.2. The flow of the linearised around 0 wave equation is the inverse Penrose transform
of the linear flow U(T ), that is :
PT−1U(T )(v0, v1) = (L(t)(g0, g1)) .
Proof. The map w = U(T )(v0, v1) satisfies
∂2T w + (1 − △S 3)w = 0
with initial datum v0, v1. Hence its inverse Penrose transform h satisfies
∂2t h − △3h = Ω3Ψ
(
∂2T h + (1 − △S 3)h
)
= 0
with initial datum g0, g1, that is, h = L(t)(g0, g1). 
Then, let g = f − L(t)(g0, g1), g is the reverse Penrose transform of v = u−U(T )(v0, v1) and is
the solution of
∂2t g − △g + (L(t)(g0, g1) + g)3 = 0
with initial datum 0, 0, hence it is a fixed point of
φ(g) =
∫ t
0
sin(√−△(t − s))√−△ (L(t)(g0, g1) + g)ds .
Lemma 4.3. Let w ∈ Lq([−π, π] × S 3), q ≥ 4 and h its reverse Penrose transform, then
||h||Lq(×3) ≤ C||w||Lq([−π,π]×S 3) .
Proof. Computing the change of variable (T,R) = (Arctan (t + r) +Arctan (t − r),Arctan (t + r) −
Arctan (t − r)) leads to:
∫
×3
|h(t, r, ω)|qr2drdtdω =
∫
Ω>0
|Ωw(R, T, ω)|qΩ−4 sin2 RdRdTdω .
With q ≥ 4 and Ω = cos T + cos R being bounded by 2,
||h||Lq(×3) ≤ C||w||Lq .

Therefore, L(t)(g0, g1), g and so f belong to L6( ×3). Indeed,
||L(t)(g0, g1)||L6(×3) ≤ C||U(T )(v0, v1)||L6
≤ C
(∫ π
−π
(1 + T δ3 )6
)1/6
||(1 + T δ3 )−1U(T )(v0, v1)||L3T ,L6(S 3) < ∞ ,
||g||L6 ≤ C||v||L6 ≤ C(2π)1/6||v||L∞T ,L6 ≤ C||v||L∞T ,H1 < ∞ .
Lemma 4.4. The map g belongs to C(, H1(3)) and ∂tg ∈ C(, L2(3)).
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Proof. The map g satisfies
g(τ) = −
∫ τ
0
sin(τ − s)√−△√−△ (L(s)(g0, g1) + g)
3ds .
Hence, by differentiating this expression :
∂tg = −
∫ τ
0
cos((τ − s)√−△)(L(s)(g0, g1) + g)3ds ,
and using a Ho¨lder inequality on the integral over time :
||∂tg||L2(3) ≤
∫ τ
0
||L(s)(g0, g1) + g||3L6(3) ≤
√
|τ|||L(s)(g0, g1) + g||3L6(×3)
then, we use Minkowski inequality on the L2 norm of ∂tg,
||∂tg||L∞([0,t],L2(3)) ≤
√
|t|||L(s)(g0, g1) + g||3L6(×3) .
Therefore, as L(s)(g0, g1) and g belong to L6( ×3), g belongs to C(, L2).
Besides,
||g||
˙H1 ≤
∫ τ
0
||L(s)(g0, g1) + g||3L6(3) .
Hence,
||g||
˙H1 ≤
√
|t|||L(s)(g0, g1) + g||3L6(×3) .
Therefore, g belongs to C([0, t], H1(3)). 
Prove now the uniqueness of the solution in L(t)(g0, g1) + C([0, t], H1(3)). Let f2, f3 be two
solutions of the cubic wave equation with initial datum g0, g1, let h = f2− f3. The map h satisfies :
∂2t h − △h + f 32 − f 33 = 0 .
Remark that h is in H1 and ∂th is in L2. Let
H(t)2 =
∫
(∂th)2 +
∫
h(1 − △)h .
2H′(t)H(t) = −2
∫
(∂th)
(
−h + f 32 − f 33
)
= −2
∫
(∂th)
(
−h + h( f 22 + f2 f3 + f 23
)
H′(t) ≤ C||h||L2 +C||h||L6
(
|| f2||2L6 + || f3||2L6
)
As H(0) = 0 and
∫ t
0
(
|| f2||2L6 + || f3||2L6
)
≤ |t|2/3
(
|| f2||2L6 + || f3||2L6t,x
)
,
by Gronwall lemma, H(t) = 0 for all time t, which proves the uniqueness. 
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4.2 Scattering property
Finally, with those particular initial data for the wave equation, it satisfies a scattering property.
More precisely, when t goes to ±∞ the solution tends to behave like the solution of the linearised
around 0 solution of the equation with same initial datum. This property does not result from
a scattering property of the wave equation on the sphere. Indeed, it is the fact that the Penrose
transform divides the solution by something that behaves like 1
t2
that ensures scattering.
Theorem 4.5. Let q ∈]185 , 6], (g0, g1) ∈ PT−10 (E), f (t) the solution of the cubic wave equation with
initial datum g0, g1.
There exists a constant C depending on the initial datum such that
|| f (t) − L(t)(g0, g1)||Lq ≤ C(1 + t2)1/6 .
Proof. Let v0, v1 ∈ E such that (g0, g1) = PT−10 (v0, v1) and u the solution of (2) with initial datum
v0, v1.
The map u satisfies :
u(T ) − U(T )(v0, v1) = −
∫ T
0
sin((T − τ)√1 − △)√
1 − △
(u3(τ))dτ .
Taking the inverse of the Penrose transform of this equality leads to :
f (t) − L(t)(g0, g1) = −Ω(t, r)

∫ T (t,r)
0
sin(T − τ)√1 − △)√
1 − △
(u3(τ))dτ
 (R(t, r)) .
|| f (t) − L(t)(g0, g1)||Lq ≤ || Ω2Ω2/3(1 + t2 + r2)1/6 ||Lp
||

∫ T (t,r)
0
sin(T − τ)√1 − △)√
1 − △
(u3(τ))dτ
 (R(t, r))2Ω2/3(1 + t2 + r2)1/6||L6
with 1q =
1
p +
1
6 (q ≤ 6).
Let
A = || Ω
2Ω2/3(1 + t2 + r2)1/6 ||Lp
and
B = ||

∫ T (t,r)
0
sin(T − τ)√1 − △)√
1 − △
(u3(τ))dτ
 (R(t, r))2Ω2/3(1 + t2 + r2)1/6||L6 .
Apply the change of variable R = Arctan (t + r) − Arctan (t − r) (t is fixed) in B. We have :
dR = Ω22(1 + t2 + r2)dr
sin2 RdR = Ω42(1 + t2 + r2)r2dr .
the quantity B can be rewritten as :
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B = ||
∫ π
−π
1τ≤T (t,R)
sin(T − τ)√1 − △)√
1 − △
(u3(τ))dτ||L6
thus
B ≤
∫ π
−π
||1τ≤T (t,R) sin(T − τ)
√
1 − △)√
1 − △
(u3(τ))||L6 dτ
B ≤
∫ π
−π
||sin(T − τ)
√
1 − △)√
1 − △
(u3(τ))||L6 dτ .
Then , we use that thanks to Sobolev embedding H1 ⊂ L6 :
||sin(T − τ)
√
1 − △)√
1 − △
(u3(τ))||L6 ≤ || sin(T−τ)
√
1−△)√
1−△ (u
3(τ))||H1
≤ ‖u3‖L2 = ‖u‖3L6
Hence, we have :
B ≤ C||u||3L3T∈[−π,π],L6 .
To bound A remark that Ω ≤ 2√
1+r2
.
A ≤ 1(1 + t2)1/6 ||Ω
1/3||Lp =
1
(1 + t2)1/6 ||Ω||
1/3
Lp/3 .
As q > 185 ,
p
3 =
2q
6 − q > 3
which ensures that Ω ∈ Lp/3 and bounded uniformly in t.
Finally,
|| f (t) − L(t)(g0, g1)||Lq ≤ AB ≤ C(1 + t2)1/6 .

A Appendix : Uniformly bounded basis
In this appendix, we will build a measure νn on the set of orthogonal basis of the space En spanned
by spherical harmonics of degree n− 1 (in dimension 3) that satisfies the property required to take
an orthonormal basis of L2(S 3) that is uniformly bounded in Lp.
Let us begin with giving some notations.
For n ≥ 1, let ( fn,k)1≤k≤Nn be a fixed orthonormal basis of En, that is, for all k
− △S 3 fn,k = λ2n fn,k
with λn =
√
n2 − 1 and Nn is the dimension of En, that is Nn = n2.
We identify the functions of En whose L2 norm is equal to 1 with S n = S Nn−1 the unit sphere
of Nn . Call pn the uniform measure on S n.
We should admit one theorem before we can go on :
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Theorem A.1 (see, [7]). If F : S n →  is Lipschitz continuous on S n (for the distance d(u, v) =
‖u − v‖2) and M(F) is its median defined as :
pn(F ≥ M(F)) ≥ 12 and pn(F ≤ M(F)) ≥
1
2
)
then, we have that
pn(|F − M(F)| > r) ≤ 2e
−(Nn−1) r22‖F‖2Lip .
We then give other definitions.
Definition A.2. We identify the set of all orthonormal basis (bk)1≤k≤Nn of En with the group of all
orthogonal operators of Nn , that is O(Nn), and we call νn the Haar measure on O(Nn) and Πn,k
the map that takes a matrix in O(Nn) and gives its k-th column.
Proposition A.3. The image measure of νn by Πn,k is equal to pn.
Proof. For all R ∈ O(Nn) and for all measurable set A, we have by definition :
Π
∗
n,kνn(RA) = νn(Π−1n,k(RA))
but then the fact that U is in Π−1
n,k(RA) is equivalent to the fact that R−1Πn,kU belongs to A. We also
have that R and Πn,k commute :
R−1Πn,kU = Πn,k(R−1U)
hence Π−1
n,k(RA) = RΠ−1n,k(A) and thus
Π
∗
n,kνn(RA) = νn(RΠ−1n,k(A)) .
Then, as νn is the Haar measure of O(Nn) its is invariant through multiplication to the left, so
Π
∗
n,kνn(RA) = Π∗n,kνn(A) .
Hence Π∗
n,kνn is invariant through every isometry of 
Nn
, it is the uniform measure on S n, which
is pn. 
To apply Theorem A.1, the Lq norm has to be Lipschitz continuous on S n. The next Lemma
results in this property.
Lemma A.4. There exists C such that for all u ∈ En and q ∈ [2,∞], we have that :
‖u‖Lq ≤ Cn1−2/q‖u‖L2 .
Proof. Let πn be the orthogonal projection on En and K its kernel, that is, for all f ∈ L2 and all x :∫
K(x, y) f (y)dy = πn f (x) .
This kernel is given by
K(x, y) =
∑
k
gk(x)gk(y)
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for all orthonormal basis (gk)1≤k≤n2 of En. Hence, as for any rotation R of S n, ( fn,k)k and ( fn,k ◦R)k
are orthonormal basis of En, we have :
K(x, y) =
∑
k
fn,k(x) fn,k(y) =
∑
k
fn,k(Rx) fn,k(Ry) = K(Rx,Rx) .
Therefore Kn(x) defined as
√
K(x, x) is a constant on S n. Let us compute its value.
Kn(x)2 = 1
vol(S 3)
∫
Kn(t)2dt = 1
vol(S 3)
∫ ∑
k
| fn,k(t)|2dt = CNn = Cn2 .
where C = 1
vol(S 3) does not depend on n.
If u is in En, with a Cauchy-Schwartz inequality, we get that :
|u(x)| ≤ ‖u‖L2 Kn(x) ≤ Cn‖u‖L2 .
Therefore, we have :
‖u‖L∞ ≤ Cn‖u‖L2
and by interpolation,
‖u‖Lq ≤ C‖u‖θL2‖u‖1−θL∞
with θ = 2q , hence
‖u‖Lq ≤ Cn1−2/q‖u‖L2 .

Proposition A.5. With Mn,q the median of ‖.‖Lq on S n, we have that there exists c1 > 0 such that
for all r, all n and all q ≥ 2,
νn
(
{(bk)1≤k≤Nn | ∃k0 ,
∣∣∣∣‖bk0‖Lq − Mn,q
∣∣∣∣ > r}
)
≤ 2Nne−c1n4/qr2 .
Proof. First, we apply the previous Lemma to prove that ‖.‖Lq is Lipschitz continuous with Lips-
chitz constant equal to Cn1−2/q as
∣∣∣∣‖u‖Lq − ‖v‖Lq
∣∣∣∣ ≤ ‖u − v‖Lq ≤ Cn1−2/q‖u − v‖L2 .
Then, we apply Proposition A.3 to get, with k0 fixed,
νn
(∣∣∣∣‖bk0‖ − Mn,q
∣∣∣∣ > r
)
= pn
(∣∣∣∣‖b‖Lq − Mn,q
∣∣∣∣ > r
)
.
Finally, we use Theorem A.1 to get
νn
(∣∣∣∣‖bk0‖ − Mn,q
∣∣∣∣ > r
)
≤ 2e−(Nn−1) r
2
2Cn2−4/q .
Since Nn−1
n2−4/q ≥ Cn4/q and by summing over k0, we get the result, that is
νn
(
{(bk)1≤k≤Nn | ∃k0 ,
∣∣∣∣‖bk0‖Lq − Mn,q
∣∣∣∣ > r}
)
≤ 2Nne−c1n
4/qr2 .

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Let us now estimate Mn,q.
Lemma A.6. For all t ∈ +, we have
pn(|x1| > t) ≤ 2e−(Nn−1)
t2
2 .
Proof. We use the fact that the projection on the first coefficient of one vector is Lipschitz contin-
uous on the sphere S n with Lipschitz constant equal to 1, and that as pn is uniformly distributed
on S n, the median of x1 is 0, hence, applying Theorem A.1 :
pn(|x1| > t) ≤ 2e−(Nn−1) t
2
2 .

Proposition A.7. There exists C such that for all n, q,
Mn,q ≤ C √q .
Proof. Let us compute the mean value with respect to pn of ‖.‖qLq . Let
Aqn,q = E(‖.‖qLq ) =
∫
S n
( ∫
S 3
|u(x)|qdx
)
dpn(u) .
We can reverse the order of the integrals :
Aqn,q =
∫
S 3
( ∫
S n
|u(x)|pdpn(u)
)
dx =
∫
S 3
∫
R+
qλq−1 pn(|u(x)| > λ)dλdx .
With our particular basis ( fn,k)k, we get that u is written
u =
∑
k
ak fn,k
hence with Kn(x) =
√∑
k | fn,k(x)|2 and ǫ(x) the unit vector :
ǫk(x) =
fn,k(x)
Kn(x) ,
we get
pn(|u(x)| > λ) = pn
(
|〈a, ǫ(x)〉| > λ
Kn(x)
)
and since pn is invariant by the action of O(Nn), ǫ(x) can be replaced by (1, 0, . . . , 0) :
pn(|u(x)| > λ) = pn(|a1| > λKn(x) ) ≤ 2e
−(Nn−1) λ22Kn(x)2 .
We already proved that Kn(x) = Cn ≤ C
√
Nn − 1, hence
Aqn,q ≤
∫
S 3
(∫
+
qλq−12e−
λ2
2 dλ
)
dx
As we have by induction on q ∫
+
qλq−1e−λ
2/2 ≤ Cqq/2 ,
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we get that
An,q ≤ C √q
with C independent from n and q.
To bound Mn,q, we use the definition of the median :
1
2
≤ pn(‖u‖Lq ≥ Mn,q) = pn(‖u‖qLq ≥ Mqn,q)
and then using Markov’s inequality,
1
2
≤ M−qn,qAqn,q .
We deduce from that that
Mn,q ≤ 21/qAn,q ≤ C√q ,
which concludes the proof. 
We know prove the existence of a sequence pm that goes to ∞ such that there exists an or-
thonormal basis (en,k)n,k such that en,k belongs to En and
‖en,k‖Lpm ≤ C √pm
where C is independent from n, k and m.
We have that for some constant C independent from n and p, the set
Bn,p = {(en,k)1≤k≤(n+1)2 ∈ Un | ∀k‖en,k‖Lp ≤ C
√
p}
satisfies that
νn(Bcn,p) ≤ c0n2e−c
′
1C
2n4/p p
where Bcn,p is the complementary set of Bn,p by taking Λ = C
√p in the Proposition A.5. By taking
the product measure ν of the νn and with
Bp =
∏
n
Bn,p
we get
ν(Bcp) ≤ c0
∑
n≥1
n2e−c
′
1C
2n4/p p ≤ c0e−c
′
1C
2 p
∑
n≥1
n2−4c
′
1C
2
.
Hence, for C large enough, we have for all p:
ν(Bcp) ≤
1
2
.
By Fatou lemma,
ν(lim sup
p→∞
Bp) ≥ 12
Therefore, the set lim supp→∞ Bp is not empty. This is equivalent to the existence of a sequence
pm → ∞ and a basis en,k of spherical harmonics such that
‖en,k‖Lpm ≤ C √pm . (7)
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